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A HEADBCHE-CALSING PROBLEN

Presendod £0 Hendadh o Leratan Paa on the occasion
of his doctornf exmninntion

Conway (d.H.], Patersom (M.5.]}. and Moscow JU.5_5.R.}

Abgtruot,

after disproving the oelebrated Coavay-Fatersvo-Moscow thaoren
(reference 1), we prove that theorem and weke an appilcatieon to
Wwell-known oupbar-theoretioal problem,

Hetting,

Wiheo just N men heve boen gethersd together in the room shove
io Figurs 1, the blind lady uspire sakes the following {trus)
AfAnOunoeRsnt

"wWe are wll, e we know, infipdtely intelligent aed bonourable
peuple,
o your forehesds Bmall diece besring the usual notaticms for

How Tthe janltor, meting opn my lostructions, hes atiached

VATlous non-negative integers, in such & way that esch of you cas
Bée The number on everyoons elss's hemd, but mot that om yoar own,

The eun of sll these neabers is ong of the ousbers you can novw ses

meé Wrliting on the blackbowpd, '

"1 ragret the plight diacomfort thia procseding must bave cauvsed
you - fortunately the theorem of referepos (1) weeures up that it
Wwill only last for a faw more womentws, I will now gquamtiaon epch
af you an turn, and et the first *Yea' engwer we gan mll go ocut and
anjoy what iw left of this lowvely afternocom, 't

dEw now gaks -

" Arthur, cen you deduce solely from this informatlion what
ouwnber is written oo your dliﬂ?"

If arthar'e reply im "' o', she will turn to the next wen, and
ek’ -

"' Burtram, amf you deduce from the abowve informatlon together
With Arthur's reply what nausber must be written on your disgl'*

If Bertran in furn says "' MNo', sbe will question Charles, Iuncan,
wid 8o on, parhape reaching the N'th mwn'-

"'Engelbert, can you noW deduce your nunbar from the given
:nformation together with sll the replies vou neve now heard 7

If even Engerlbart aaya ""Ho'" | ghe will return to Arthur, and
continue ocfellioalily, alwaya aaking the same puesticn:-

""Are you now mble to deduce your nuMber sslely from the given
information ané the replies you bave hesrd so far; "

urntll the geme is terminated by a " Tee'" reply,

Stutemeat of the theoram,

IT the anmber of nurbesrs written on the blackbosrd is lese than
aor egqual to the nuaber (W) al men, the pame will terminente after a
finite nueber of questions,

The didprooel {comasnend ],

1 has breons customary {(eea e,.g., referesce (1)) to present tho
dlopeaonl oi thie theoreo before its prowf, The Jdiapooel runo we

Lalidwe,



To demollak this perfectly prepostercus propeeition, it will
aufiice of couroe %o diepruve mny particuler ocase, We shall talke
Lhe cape when N = 3, the nunber on every head io 2, wnd the numbers
on the bluckboard are £,7, uwnd B, and estsbiimh conolusively thut
1t will never pad, We ohall refer to this am the osHA ':E.E.Efﬁ,_l.ﬂ}.

1t will halp ue to ioaging Charles at his breoakfest %terble Lhat
BOrning,

" 0h dear, yet snother lovitetion from Zoe, Bhe's 8 lovely glrl,
and inteiligent too, but I do wish ehe wouldn't keep drRgoonlog us
iato playing those ridiculous pasty games,'

" wondar what 1t'11 be thie time! I°d batter just run through
the Lofinitely meny posgibilitiecs 8o we'll be able to gat it ovar
With am quickly as possible, If it's Onuredes I'1l ropeat exacily
the cne I did last time — they're bound %te get thut firet go. If
it's Hant=the=31lipper I'11l ...

A i T pas

ke I* But then agsin, she might juet be thinking of playing
Lihe pame desgribed so wittily in reforenoe (1}, In that cawa, sha's
me likely am not to use the particular case called (2,2,216,7,B) in
the handy notmtion of that referengs, What ohould oy resoticns bef'®

Charley's Argument.

" Tet ma think now., Simce [ sac tws hesde humbered 2, I will
know From the atart that my nuebor will ba 2.5, er 4. Iei's conelder
Lheps capas, '

"1f my number's 2, Arthur will beve congluded that his nucber
wam 7,3, or 4, and minoe esch of three i conpletent with all he
waa told, ac'll bhawe to zay "het?, "™

" fertrac'a then in a dledllar poeition, He'll think

"If I have 2, Ahrthur, Ly Charles's argument of the previous
purayreph, will say "Ho', I 3, Arthur wiil ionetesd hAave

bteen wble to ommelude only that his Aucber wes 1,7, or dp And

0 BEY 'Ho' becmuse he'll enly know fhat Rais number is

d,1, or &, [Muat remember thwt ahe aald non=negative nunbera
v that O i@ wilowed !
" dinge in this owee Bertram won't ba mble ko elimlnate even one
of hia three poppibilitiea 2,5,4, he'll ba foroed 1o esay "Ho', That
dainpomas of the cape wien oy npueber ia 2"
"1f my oumber is j, acihur Talrly ohwiously still swyas 'Sof
Brrtrum will now probably argue in ocadensed Torm]

*1 can pee 4 = 2, 3 =3, 80 I know B = 1, 7, ar 3,

IfR =1, &'1]l*"ve baan Torn bSetwesn £ ,35,4 sa'll"ve mwid "Ko!
if B = 2, L'L1"we hean worn oetwesn 1,2.%, wo'il'we auin Tia®
1f B =

3, Be'"ll've been torn betwsen 3,1,2 sc'll esiil®we maid
"ot ! muet therefdre Bay "Ho' myself;, aincee all Lhree casen
are conaletent with a'e "uo" whaewer, T "

" Hertras and Arthur will aleo both say "Ho' when my nunber ds 73,

I think I ¢rn prove aleng the pase iines that they'll both say "Ho'

even when 1t's 4, Hut I doa't nesd ta check this - ay firsk nopwer

pguat ba '"Hn' beRcavees both 2 pnd 3 se- conalatent with the twa "Hot
anasera ['m pura ce heare, "

"I plainly don't nmesal to guneider much nore of thiuw mtuff - I
rechon We'll Bll go home after saying ‘Ho' half-p-dozen times, and

1 poiil wor't know whkt my nopber i@, "

Mﬂrruuf poaple ted |

Gharles's nrgument, snyd various gottleons of it, ean be uasd to

cptablish with abeolute rigor that emch of Lhe three piayers Enows
crom the ptart that each of the first Lhree unewesss ig going Soc be

" dat, e it they sli baow wiak thosn anesers are guing Lo be whal

inforaation euan thegr punsirely gadn by hearing bhem ritusily isloned !

S
=

AT the atari of vhe seeond round | ther will foave learned nothing that

they gla a0t elready know, snd ae Lhs gam willk abviounly &0 un

Yapever, B B 1
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that are unagcomponied by any other paint
We might a8 wull meke 1% clear now Lthalt Zoe, the blind ledy uepire, (w,b.e.,..,8)

i herself ignorant of she ousbers fixed to those hosds, although ahe in the E-diregtion, ™

inowa, of course, what oumbers she wrolte on the bBlackhourd. In the

JFince Zge's argument covers wll CRASE, W& Sun now Inﬁ.ln her -
. LT -
intereata of geod order aba will naturddly list all sisustions thwt Algorithn tu discover exactly which situstions wisl cRuAe the groe

t2 end wt any given time,

The oasse (2,2 o 6. 7.8},

Befare we resume Lhe proof for bhe genaral emes, we ilaiuminmte tle

Aare goEpatible with the punbers she hag heard up to any given tise,
ipd will etrlke a situation off her ligt wheo and only when she Enows

that the corresponding guas would termloste st the carrent gquestion,

Uf gourse ahe knows just whes thie will be, for being inrinitely fate of all a8 of the fora (m.b,c|€,7,8) in P4 2. This 7 .
intelligent ahe cen perfectly wall fmagine herself in the pooltion Sucws un orthogonul projection of the set of wll points in {a,8,3)
cf the playur whe ie currently wdureseing in amy possible eitumtlioa. pace thut yieid eums of 6,7, or 6, aghthier TN Boe'h moben o ki
By o guuwible situatico Wwe memn £ gourss man N=tuple of nosbeora the number of the queation whose °Yeg* wAewET terminates the game,
I:liupnl e pﬂ}
which might be the nunbers on the respeotlve bewdw of '!-'r"i."'_"]
(4,B,0,...,K) 1 Flﬂ'_l.EErE'_ Tow'p
AnTed e all
nng would bave caussd "du' answere to &ll questions bafore the s L a :
E e 3. b gumirn (o b |t 7 BY,
aurrent onm, We sbhell oall such & situstlon ongoing aniy if the 4 jff'r ¥
B
angwWer to the current guestlon will Also be 'Ha® . a |..-"‘"5“"‘x[ 2
."-ﬂ".\_\_‘ ‘_fr?.““\- -"Pa-&-\.\_\“\. L'.‘.I#'
¥We oleism that Zom can work out execily which asituations are ongoing F J JT | iL.-' i i
; ] a -1
ey the following srgumsnt’ 'I?.-!“ lﬂ'--‘- le'ﬁf g f':'
= k] 10
lug is sddresased to B Thern EE T |“-_ 1_2.-"" | "‘-\1':‘,..-"' "'\HJ'.I.-'
" Lat ms suppues that the current nueoilu : : ] 4 | B | |
Ly d i "
cortainiy Yo S xm_..-rl e R | %
s T e ORI IR L T W
3 ir]
i) I punnot wtrike off la,b,o,....n) if there'a an ROUDMpAGFIng |3 1[- lr | _'|.||5 | ]_js _-LFE iL
1 . T A
Bituation (a,b',e,...,n) #till present with the ease values ff"’ _,..-11.:: 31'7:’} p ?i:l EJ-'I'::_I h“u it
gl e b
0f @a,0,...,0 but with ket differing from b, for then B |3 1,!;. ]._[E IL H‘:|_|3 | u—f"- | 3_ L 1
. ) e | f A
il b okl - B o e B : .-s.‘:!"_.-"“ﬁ-‘"" TE"*- g-"'flrh"'ln-"'lll 11--F"Lq"‘--_]_i ""H:TH“- - THJEI'DI
2 a | i@
i3) 1 gay atrike off (u,b,&,...,n) if thers's no such o S T T . R GEE ™
£ 5 “'an__.-' H‘r—'.""- i R 1 e B e B r‘.“-"
aceor Anying wituation, for than 4, who oun see the moohears b .-i.i,_ & |M_H T._-__ |“"'“~_u 5 |:‘-H"'\-\, JHJ‘J&H ___a-ll"xh ___...-li:IH = JH 5 ;
A7 ; 1 11 “H 5 ] 1
i i ili 1 that b dm tEhe onl naglble valus for 1 / | \ i
H,2,,..,0 Will know tha " ¥r L;___ L"“ﬂ-.h's.--"' IIH‘H"\-\.!;-"-J.U“\"‘ i }"‘H,_ |.|_.-"' o 1 .-"'E"HHI___.a-""“x__L |
g 1z I o B .
nis numbeer, "™ y - “H_E_.-' B _‘”,..-" 2 &"-F T r_.a-" Ly 5 ' HH'E o T 4
<
an when T oractdwa p 'do' ansder froan B o(aay ), 1 muest slrike off |.I ’ .'-.i:-n I_:_I’_'__I 1_* 's:|1 |'5_:1| |".|.-;_:'| ; :: B i
Lhgae and only those poinss (w, b,e,...n) froc oy W-dimcnsional record



Pae Cfour @ntrics '19', singled out in Figure 5, eoable us to verliy

ioth of Charles's predicllons abeot The gewe (2,2,206,7,9).

{2.,3,2)
I l'_'iﬂ-'[":""jj
14
i “MIL
(2,2,2) .
(2,2,3)
Flygurs 'i_ il tive and of The gane,

The proof aompleted.

W& return now to tne dlesuseien of the ganeral caps, HNo oatier
what puwbers are Writien on the Llsokboard, provided that thers are af
woBt ¥ of them the total nusber of initial eitustions will surely be
finite, we shall show thet po cne of Lhose 8lTuRtions oeo remalin
oRgelng &t every poaseible soment in time,

For othervige the set of persanently cbgelng eltusations would be
| non-eapty end beve the propérty that every cos Of 1ta pailntu woula
It wilil puffice to ahow

pe accompwnied in every ovurdiinaté-directioa,

that any such sel of points in W dimensions has at least K+l distiact

BUDS, and we oan verify this by anduatlon,
Let o, be the least Vaiao uf the s-ocerdinate of wny permanently
cogolng sitention io an N-mln guas, Then the tuples of N-1 ousbers
Lb,e, ... 0]
lFor whlcl {H.“,h.n,. cogn} Ll permensatly oagdlng in this geoe will
thepselves form & pormanently cogoing ®et in an H-1 oen geos, and 8o
wiie hawe =1 least (Hel)+*l = ¥ clatinet wums, Let

B —h.n-l-'tu-l-lj

. + sas * I

o] o

be the greatess of thasee, arasaing frow Lie perdanently engaing @ituetion

T T

e

(5]

Then Lhers is a permnr!.ﬁtj._;f ongoing ailtuslion
o, B . oer 200 0w}
sooopunying this in the A-direction with a §# &, WAE BO M T oa
Binoe m, wal Sinimel, The accoupanying situstion therefore has
coordinate—sun greater than any of thoeas slvesdy found, ang
aptablishens that there muat be el leaet H+1 aleatines cocvdlnate-guse
in mll,
Application to b problem gf Fergat.
The problem raferrved to la Fermat's funouns wecertion toet
a1, b>1, a>1, n=% == a° £ ¥ + o, {*)

tor rational integere &,b,q,n,

How 1% i@ well-known that foer every pmopoésiticn P, e beave

(P and not-F) === {0=1],
Taking ¥ to be the proposition discusaed so disasrmingiy in
relvrence (1), and applying medus poness, we deducs that
0= 1,
oW mdoing 1 to Doth aides of this, wo obtein
1L=2,
Which we prefer fto write in the nore revealing fors
LS Y )

Thue the lexicogrephiceliy flret case of (%) is disproved, The
authors cennot resist the remeri that this wouls eurely have baan
neticed surider bad a0t acdern Seeching wethela prefersd the
elatoration of graddliose genorsl theories to the incwlceation of
alopentary aritimation]l shillo,

AUENOW LG gemen by,

Tin: work deecribed herc waa carried owt whean B firet and aecond
aafed wubiore enjoyoed voe noopdtallicy of coe Tnird.  The aevonz sod
tiira smdthors ore inds=biec o the 1iret for cipoaltory octails, The
st and Lhire pueliors gratefully remmed Lowt Wwithout the conabant

Biinulntion wad wibty sncouragesent ol Lhe snoono aulbor this paper

atid COweLleTed .,
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